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Abstract

New optical methods now allow experimentalists to track the trajectories of Lagrangian
tracer particles in fluid flows at high Reynolds numbers. Independently, quaternions are used
in the aerospace and computer graphics industries to track the paths of objects undergoing
three-axis rotations. It is shown here that quaternions are a natural way of selecting an
appropriate ortho-normal quaternion-frame (not the Frenet-frame) for a Lagrangian particle
and of obtaining the equations for its dynamics. The method is applicable to a wide range
of Lagrangian flows.

1 Introduction

Hamilton discovered the multiplication rule for quaternions on 16th October, 1843, as a compo-
sition rule for orienting his telescope, which had four cranks. This feature — that multiplication
of quaternions represents compositions of rotations — has made them the technical foundation of
modern inertial guidance systems in the aerospace industry where tracking the paths of moving
rotating satellites and aircraft is of paramount importance (Kuipers 1999). The graphics com-
munity also uses them to control the orientation of tumbling objects in computer animations
because they avoid the difficulties incurred at the north and south poles when Euler angles are
used (Hanson 2006).

Given the utility of quaternions in tracking the paths of rotating objects one might ask
whether they would also be useful in tracking Lagrangian particles in fluid dynamical situa-
tions. Recently by using optical methods developed for tracking particles created in cosmic
ray bursts, experiments in turbulent flows have developed to the stage where the trajectories
of tracer particles can be detected at high Reynolds numbers (Voth et al. 2002); see Figure 1
in [La Porta et al. (2001)]. The usual practice in graphics problems is to consider the Frenet-
frame of a trajectory which consists of the unit tangent vector, a normal and a bi-normal (Hanson
2006). In navigational language, this represents the corkscrew-like pitch, yaw and roll of the
motion. While the Frenet-frame describes the path, it ignores the dynamics that generates the
motion. Here we will discuss another ortho-normal frame associated with the motion of each
Lagrangian particle, designated the quaternion-frame. Quaternion-frames may be envisioned as
moving with the Lagrangian particles, but their evolution derives from the Eulerian equations
of motion.

Suppose w is a contravariant vector quantity attached to a tracer particle following the flow
along characteristic paths dz/dt = u(x, t) of a velocity u. Being contravariant, the components
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of w evolve under the coordinate transformation x(0) — x(t) along the characteristic path by
the change of coordinates rule

0 0
t) —— =w(0) ——. 1.1
w0 Bai =0 Ba) (L)
That is, the vector field w - V keeps its value (is preserved) along the characteristics of the flow
of the velocity vector w (which is also contravariant). Since it keeps its value, the Lagrangian
rate of change of w - V must vanish, so that

%('w(w(t),t) - E?w(t)) =0, along (Z—f =u(x, t). (1.2)

Upon expansion of the derivative, this takes the Eulerian form,

Dw i D 0

As a physical example of this process, consider the case when w is a stretching line-element
w = £ transported passively in the flow of a prescribed velocity wu(x, t), as discussed in
[Batchelor (2000)|. As another physical example, w = B may be the frozen-in magnetic field in
the kinematic dynamo equation, which again takes the form in ([3]).

Given (L2), it follows from Ertel’s Theorem (Ertel 1942) that

D(wbtW) Cw.V (%f) , (1.4)

for any differentiable function @(x, t). In particular, we may choose @ = w and identify Du/Dt =
Q(x, t) as the prescribed acceleration. In this case, we find

— =w-Vu, (1.5)

and

Dt? Dt

D*>w  D(w-Vu) Du

—) = w- -VQ, (1.6)
with prescribed flow and acceleration u(x, t) and Q(x, t).

In what follows, we will develop a quaternionic picture of this process of Lagrangian flow
and acceleration. Thus, we consider the abstract Lagrangian flow equation,

Dw
T = a(z,t), (1.7)

whose Lagrangian acceleration equation is given by

D*w _ Da

e = D= b(x, t). (1.8)

So far, these are just kinematic rates of change following the characteristics of the velocity
generating the path x(t) determined from da/dt = u(x, t).

Section Bl will show that the quartet of vectors (u, w, a, b) determines the quaternion-frame
and-its-lagrangian-dynamiess-Modulo a rotation around w, the quaternion-frame turns out to
be the Frenet-frame attached to lines of constant w. If the particles are not passive tracers but
are fluid parcels, the individual elements in the triad (u, w, a) may not be independent; for
instance, for the three-dimensional incompressible Euler equations in vorticity form, we have
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(u, w, a) = (u, w, w - Vu) with the vorticity w = curlu and dive = 0. As described in
Ohkitani (1993) — see also Gibbon et al. (2006) for a history — in this case Ertel’s Theorem for
Euler’s fluid equations ensures that b exists and takes the form b = —Pw where P is the Hessian
matrix of spatial derivatives of the pressure. Because w = @ in this case, lines of constant w
are vortex lines. Modulo a rotation around @, the quaternion-frame is then the Frenet-frame for
these vortex lines. Examples such as Euler’s equations for a rotating incompressible fluid, for a
barotropic fluid and for ideal MHD are examples where the above conditions are fulfilled; these
are outlined in Section Bl In some practical situations, however, the vector b may not exist for
every system for every triad (u, w, a). For example no b is known for the Euler equations in
velocity form for which (u, w, a) = (u, u, —Vp).

The quaternion picture: Three-axis rotations lie at the heart of the definition of a quaternion.
In terms of any scalar! p and any 3-vector g, the quaternion q = [p, q] is defined as (Gothic
fonts denote quaternions)

3
a=1[p, g =pI - qoi, (1.9)
i=1

where {01, 09, 03} are the three Pauli spin-matrices and I is the 2 x 2 unit matrix. The relations
between the Pauli matrices 0;0; = —0;;1 — €0 then give a non-commutative multiplication
rule

41 ®q2 = [P1P2 — @1 - G2, P1G2 + P2q1 + @1 X 2] - (1.10)
It can easily be demonstrated that quaternions are associative. As will be recalled in Section H
the individual elements of a unit quaternion provide the Cayley-Klein parameters of a rotation.

This representation is a standard alternative to using Euler angles in describing the orientation
of rotating objects (Whittaker 1944).

2 Lagrangian evolution equations in quaternionic form

tracer particle trajectory

Figure 1: The dotted line represents the tracer particle (o) path moving from (z1,%1) to (@2,t2).
The solid curves represent lines of constant w to which w is a unit tangent vector. The orientation of
the quaternion-frame (w,x,, W X X,) is shown at the two space-time points; note that this is not the
Frenet-frame corresponding to the particle path but to lines of constant w.

Given the Lagrangian equation (1), define the scalar «, and the 3-vector x, as
g =w (W a), Xo=w (W xa). (2.1)
The 3-vector.a.can-be.decomposed into parts that are parallel and perpendicular to w

a= 0w+ X, XWw= [Oéa, Xa] ® [07 ’LU] s (22)

!The scalar entry p in the quaternion q should not be confused with pressure.
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and thus the quaternionic product is summoned in a natural manner. By definition, the growth
rate a, of the scalar magnitude w = |w| obeys

Dw
Dt = Qgw, (2.3)
while the unit tangent vector @ = ww™! satisfies
Dw .
Now identify the quaternions
Ja = [am Xa]7 dp = [aba Xb]? (25)

where ay, X, are defined as in ([Z1I) for oy, X, with a replaced by b. Let ro = [0, w] be the pure
quaternion satisfying the Lagrangian evolution equation (L) with q, defined in (ZX). Then
(C7) can automatically be re-written equivalently in the quaternion form

Do

S = 0 a] =0, cqw+ X, x w] =g @ 1. (2.6)

Moreover, if a is differentiable in the Lagrangian sense as in (L)) then it is clear that a similar
decomposition for b as that for a in ([Z2) gives

D?*v bl — _
T = 106 = [0, apw +x;, X w] =g @ 0. (2.7)
Using the associativity property, compatibility of (1) and (Z8]) implies that
D
<;ta+qa®qa—qb>®m:0, (2.8)
which establishes a Riccati relation between g, and q
D
Dqta + 40 ® qa = qp - (2.9)

From (Z9) there follows the main result of the paper:

Theorem 1 The ortho-normal quaternion-frame (W, X,, WX X,) € SO(3) has Lagrangian time
derivatives expressed as

Dw .
Tt = Da X w, (210)
D(w x X N
(Tt"“) = D, x (W xxX,), (2.11)
Dx .
Dta Dy X Xg s (2.12)
where the Darbouzx angular velocity vector D, is defined as
Cy . N
’Dazxa—i—x—bw, =W (Xg X Xp) - (2.13)
a

Moreover, the Lagrangian time derivative of q, can be expressed as

D
= =0 ® b+ Pas, (2.14)
PBap = 1119a + Aqp + 11, (2.15)
where p(xE, t), Ailx, t)andei(x, t) are arbitrary scalars (I = [1, 0]).
WwWw.mahnaraa.com
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Remark 1: The frame orientation is controlled by the Darboux vector D, which itself sits in
a two-dimensional plane. In turn this is driven by ¢, = W - (X, X X;) in ZI3).

Remark 2: The existence of the Lagrangian derivative of q; is unusual but comes at a price
through the necessary introduction of the three arbitrary scalars pu;, A1 and €.

Proof: To find an expression for the Lagrangian time derivatives of the components of the
frame (w, X,, W X X,) requires the derivative of x,. To find this it is necessary to use the fact
that the 3-vector b can be expressed in this ortho-normal frame as the linear combination

wlb = ap + X, + dp(W X X,) - (2.16)

where ¢, is defined in (ZI3)) and d, = — (X, - Xp)- The 3-vector product x;, = w™! (@ x b) yields

Xy = (W X Xy) — dbXa - (2.17)
To find the Lagrangian time derivative of x,, we use the 3-vector part of the equation for the

quaternion q, = [ag, X,] in Theorem [II

Dx, Dxq

D = —204Xa + Xp s = D = —20aXa — dp (2.18)
where X, = |X,|- Using [I17) and (IF) there follows
Dx D D(w X X,) . i
D~ e (@ X Re). 2K - Res (219)

which gives equations [ZI0)-EZT3).
To establish (214]), we differentiate the orthogonality relation x; - w = 0 and use the La-
grangian derivative of w

D
% = Xa X Xb + So, where S0 = UXq + A)(b . (220)

8¢ lies in the plane perpendicular to w in which x, and x, also lie and p = p(x,t) and A = A(x, t)
are arbitrary scalars. Explicitly differentiating x, = w™!(w x b) gives

. 1. (. Db
wlb (x, - b) 4+ 80 = —uXp — WX, + Wt (X, - b) +w ! <w X D_t> , (2.21)
which can easily be manipulated into
. Db
wx{ﬁ—aba—aab}:wso. (2.22)
This means that Db
E:aba—i-aab—i-soxw—i—sw, (2.23)

where € = e(x, t) is a third unknown scalar in addition to p and A in (Z20). Thus the Lagrangian
derivative of o, = w1 (b - b) is
Do

b
ﬁ:aab“‘xa'Xb‘i‘g. (224)

Lagrangian differential relations have now been found for x; and «p, but at the price of intro-
ducing the triplet of unknown coefficients p, A, and & which are re-defined as

A=ag+ A, w=oyp+ 1, €= —2X4  Xp + H1Qq + A1y + €7 . (2.25)
The new triplet has been subsumed into the tetrad defined in (ZI3). Then ZZ0) and EZ)
can be written in the quaternion form (ZT4I). [ |
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3 Three further examples

This formulation can be applied to other situations, such as the stretching of fluid line-elements,
incompressible and compressible motion of Euler fluids and ideal MHD (Majda & Bertozzi 2001).

(i) The incompressible Euler equations in a rotating frame: The velocity form of Euler’s
equations for an incompressible fluid in a frame rotating at frequency €2 is

Du

— = (ux2Q)-Vp, with divue=0. (3.1)
Dt ——
Cloriolis
Taking the curl yields
Dq : _ 1 _
ik Vu, with g=p (w+2Q) and w =curlu (3.2)
Then Ertel’s theorem becomes
D D D6
2 a-vVle= “(qg-VO) =q- i I .
[Dt,q V} 0, or +.(qg-VO)=gq V<Dt> (3.3)

A second Lagrangian time derivative of (B2)) yields the Ohkitani relation in a rotating frame.
Upon taking 8 = u in Ertel’s theorem and using the motion equation gives

D?*q D Du
D Dt(q Vu)=q V(Dt) q V(ux Vp) (3.4)
The triad of vectors (u, w, a) in this case represents (u, ¢, q - Vu) with w = curlu and

divu = 0. The particle is no longer a passive tracer but is a fluid parcel. Ertel’s Theorem and
the fluid motion equation in this case yields

D(g-Vu)
Dt

0?p
al’ialL’j ’

=-Pq+q-V(ux2Q), with P= (3.5)

where P is the Hessian matrix of the pressure. Thus (BX) identifies @ and b as a = ¢ - Vu and
b=—-Pq+gq- V(u X 29). The divergence-free constraint divuw = 0 implies that

—Ap = uj juj; — div (u x 2Q) = Tr $% — 1w? — div (ux29). (3.6)

Equation (B8] places an implicit condition upon the relation between S and P in addition to
the Riccati equation (ZH) and it will also place constraints upon the scalars A1, p1 and €; in
Theorem [l This situation has been discussed at greater length in Gibbon et al. (2006) in the
absence of rotation.

(ii) Euler’s equations for a barotropic compressible fluid: The pressure of a barotropic
compressible fluid is a function of its mass density p, so it satisfies Vp x Vp = 0. The velocity
form of Euler’s equations for incompressible fluid motion in a frame rotating at frequency €2 is

Du 1 Dp

— =—--V =: —Vh(p), ith — divu =0. 3.7

Di p p(p) (p), with ==+ pdivu (3.7)
Taking the curl yields

Dq

thq~Vu, with g=w/p and w =curlu. (3.8)
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Then Ertel’s theorem takes the same form as above, and the second Lagrangian time derivative
yields the Ohkitani relation for a barotropic compressible fluid,

DD v =a-v (2) < g v wai). (3.9

Dt*> Dt Dt
in terms of the Hessian of its specific enthaply, h(p). This has the same form as for incompressible
fluids, except the acceleration term b = —q -V (Vh(p)) has its own dynamical equation. Thus,
the methods of Gibbon et al. (2006) also apply for barotropic fluids. For isentropic compressible
fluids, the situation is more complicated.

(iii) The equations of incompressible ideal MHD: These are

D’LL
~—=-B-VB-V 1
Dt b (3.10)

DB
—=B-V 3.11
= u, (3.11)

together with dive = 0 and div B = 0. The pressure p in BI0) is p = py + %32 where p; is
the fluid pressure. Elsasser variables are defined by the combination

vF=u+B. (3.12)
The existence of two velocities v means that there are two material derivatives
D 9 n
— = — -V. 3.13
Dt ot Y (3.13)
In terms of these, (B10) and (BI]) can be rewritten as
D*ovF
- _V 3.14
D P, (3.14)
with the magnetic field B satisfying (dive® = 0)
D*B
=B -Vv®. 3.15
Dt v (3.15)

Thus we have a pair of triads (vt, B, a®) with a* = B - Vv*, based on Moffatt’s (1985)
identification of the B-field as the important stretching element. From Gibbon (2002) and
Gibbon et al. (2006) we also have

D*aT
Dt
where b© = —PB. With two quartets (v, B, a™,b), the results of Section 2 follow, with two

Lagrangian derivatives and two Riccati equations
D¥qy
Dt

In consequence, MHD-quaternion-frame dynamics needs to be interpreted in terms of two sets of

= —-PB, (3.16)

+a, ®a; = (3.17)

ortho-normal frames (B, X+, B x )Zi) acted on by their opposite Lagrangian time derivatives.

DFB .
5, = DTxB, (3.18)
D¥ .. L
E(B xx5) = DT x (B xx%), (3.19)
DFx*
D’t‘ = DT x g, (3.20)
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where the pair of Elsasser Darboux vectors DT are defined as

A~

:F
C - ~
DY =xT — —XiB, =B [x* x (xpp+a"xT)]. (3.21)

4 Quaternions and Rotations

The purpose of this paper has been to introduce the concept of ortho-normal quaternion-frames
that travel with Lagrangian particles. The calculations are not complicated once the formulation
has been made and show that quaternions are ideally suited to studying Lagrangian evolution
equations of all types.

It is also possible that the general formulation of (7)) and (L&) could be modified to include
viscous effects, particularly if experimental data becomes available: the reader is referred to the
review by Falkovich et al. (2001). One advantage of the current formulation is that it is that is
only dependent on w and not Vw, although this could not be avoided if viscosity were included.

It has been mentioned already in Section [l that quaternions are used in the aerospace and
computer graphics industries to avoid difficulties with Euler angles. Here we briefly sketch the
relation between quaternions and one of the many ways that have been used to describe rotating
bodies in the rich and long-standing literature of classical mechanics. Whittaker (1944) shows
how quaternions and the Cayley-Klein parameters (Klein 2004) are intimately related and gives
explicit formulae relating these parameters to the Fuler angles.

Let ¢ = [p, q] be a unit quaternion with inverse p* = [p, —q|: this requires q ® §* =
[p? + ¢, 0] = [1,0] for which we need p? + ¢> = 1. For a pure quaternion t = [0, 7] there exists
a transformation from v — v/ = [0, 7]

v=p®r®p*. (4.1)
This associative product can explicitly be written as
V=g@r®q =10, (p? —¢*)r +2p(g x ) +2q(r - q)]. (4.2)
Choosing p = fcos 30 and ¢ = = nsin 160, where n is the unit normal to 7, we find that
Y=qg®t®q" =10, rcosf + (f x r)sinb], (4.3)

where
q = *[cos 16, nsin 16]. (4.4)

Equation ([3) represents a rotation by an angle 6 of the 3-vector r about its normal n. The
elements of the unit quaternion g are the Cayley-Klein parameters which are related to the
Euler angles. All terms in the (2] are quadratic in p and g, and thus possess the well-known
+ equivalence.
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